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ABSTRACT

In a wedge shaped ocean, the method of images is used to

develop an analytical approximation of the acoustic pressure

field. Contemporary work develops acoustic doublets from a

combination of the source and surface reflection image using

simple dipole theory. The method of images is then used to

sum the dipole images. This thesis matches dipole pairs to

achieve a quadruplet expansion. A computer program using the

derived quadruplet equation is then created to verity the

results by comparing them with the "URTEXT" program.
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I. INTRODUCTION

This thesis is a continuation in the examination or the

acoustic pressure field in a wedge shaped ocean. As the

focus of naval operations shifts to the littoral regions,

more attention is being paid to the problem ot A.S.W. in

acoustically shallow water, i.e. regions where the sound

paths have multiple interactions with the surface ana bottom.

To date, the simplest propagation model has been the method

of images.

In its present form, this model assumes isospeed water,

a pressure release upper surface, and a lossy, penetrable

bottom. For parallel surraces, the source and its images

form a vertical array with the actual source at the center.

Furthermore, it tne source is near the surtace it can be

combined with its negative (1800 out ot phase) surtace

reflection image to form a dipole source. The column or

images can then be considered a column or doublet images.

The equations used in this thesis are the far tiela

approximations of the acoustic doublet. An unbalanced

doublet is defined as having two sources of nearly equal

amplitude but opposite phase separated by a distance a. It

the amplitudes differ greatly, or if the phase difference is

not 1800; then the doublet approximation is not valid.

When the method of images is used in a wedge shaped

ocean, the vertical column of doublet images becomes a circle

1



centered on the apex. In previous work the upper and lower

image doublets were summed individually with great success.

This thesis attempts to group upper and lower doublets into

double doublets or quadruplets.

This method can only be usea tor extremely small wedge

angles. With larger angles the sound paths from the upper

and lower doublet images will be to dissimilar, and the

quadruplet approximation will be invalid. Since typical

slopes for most of the worlds continental shelves are about

30, a good analogy would be that ot using a ship mountea

active sonar searching for a diesel submarine in the shelt

region.



FIG. Iwj

Q,3



II. WAVE NUMBERS AND SCALING

Sound propagation in a shallow channei with a pressure

release surface parallel to a rigid bottom has a propagation

wave number for each mode defined by the toilowing equation

- (n-1) 1 1 (f)
2 H f(O)

Where H is the depth of the channel. For a fast bottom, e

is the critical angle found from

S C,
sine, -- (2)

An analogous reference angle 0, ror a slow bottom is

tanO*= '2 (3)

If the depth H is replaced by the scaling distance,

R...f(.4)x

and the bottom is tilted at angle 0; then eq.1 for the

cutoff value ot the lowest mode with a fast bottom becomes

Kx=

2sinOtano

and for a slow bottom

2tanOtano (6)

4



III. ACOUSTIC DOUBLET FORMATION

The sound propagation for spherical spreading of a point

source is

pA (e•ut-kr)

r (7)

When two point sources of opposite phase are combined to form

a doublet, equation 7 can be expanded,

A.- . j(tkr. _. j A 3 (t-kr.)
r"

Where the "+" and "-" subscripts reter to the upper ana lower

sources respectively. These values can be expanaea

I.,=z+AI A.-Ao+AA

r-zr- Ar A_=AV-AA

Where the delta values indicate tnle incremental aitterence

tor each source comparea to a tneoretical point source

located exactly between them. The pressure equation can tnen

be rearranged to yield

J+A 1 AA
I- 0A) + AXo 1 Ax Ax

r r

An acoustic source located near the surface has a

surface reflection image of equal amplitude ana opposite

phase. In the far field the image pair is treated as a

S



single doublet source. For a Dalancea source, the pressure

equation can be approximated by

p-.A5eJtC [e-I* (-A) -.e -jr°AIJ] (1.1)

r

As seen in fig. 2, Ar is

A r --sinO
2 (12)

or

Ar-=rzsinysinV
(13)

combining eqs. 11 and 13, yields the pressure

P=2jAsin (krsinysinO) eJ(uc'kr)
r

To develop an equation tor the unbalanced doublet, the

amplitude relationships expressed in eq. 9 must be rewritten

as

Ao- A,+A- AA A-A 1)

2 2

So that for an unbalanced doublet

jAO A
P=2---A° [sin (krzsine) -jA cos (krzsine) ] clekr) ±6)r 0o

The distance from the center ot the doublet to the

receiver can be calculated using the law of cosines.

6



r ;=r 2+r2-2r~r 2cos (2no+6)

Where the ranges r1 and r 2 are measured from the apex to the

source, and from the apex to the receiver respectively. Tne

angle 6 is measured from the surface down to the receiver.

The range from each successive doublet in a wedge of angle 0

is

r 0=/r? +r -2rrcos (2nP*8) 1t)

Where the angle in the cosine term refers to the angle or

each reflected image; those with a "+- are the upper images,

and those with a "-" are the lower images. Tnis equation can

be rearranged to yieil

r,=(r..-r.=) 1+ Li--r = (1 -cos(2n4 16) (19)

The first order Taylor's series expansion can tnen be used to

simpliry eq. i9

r.- (r - r2) {+ rr2 [1-COS (2nV)]} ( 2U )

71- =



X.

C-Ai

FIG. 2



IV. QUADRUPLET EXPANSION

The upper and lower image doublets can be combined to torm

a quadruplet. The complimentary doublets are 1800 out or phase,

and the pressure of the new quadruplet is

p.- t s in [kr~ysin (2np +8) ] ej'r"
r-sin [kriy sin (2np-6)] e-kh )&I e-ri

In this case, both of the interior exponents involving Ar are

negative. The Ar terms are derived trom a comparison to tne

range trom the primary douniet, thereby ensuring that all pnase

angles are calculated with respect to a common reterence point.

To find the Ar values used in eq. 21, an approximation or eq. du

gives

Ar_--r_ k z2-r1) - -r [ -cos (,24 .18) ]1' (2z )

The cosine term can be expanded and approximatec ror smaii

values or 6.

cos(2nP+6) ncos(2nA) ±8sin(2nO) t2'j)

Equation 21 can now be expanded into the unbalanced quadruplet

equation.

2jA -Jk r 5r (-Cos (2no)P, -2jn eLW- Ji t- e Ja li

I

(s in [krly-.in (2np +8) 1] 1 r2-r,
-k Z IX2 ainl2no)

-sin[kr.ysin(2no-8) ] e 2-.r

9



It is convenient to define

*,=kr 1lP& (-coo (24n))

d-kr1 8sin (2nP) )

So that eq. 24 becomes

Pam ije~tC-ki)e*

LtA tsin kr,ysin (2np+6) 1-AA-cos tkr~ysin (2no+68JiI e jpd (2b)
A

-B. [sin[k~rlysin (2np -8)] ' -- Cos [krlysin l2np -6) ' c 'ld
B

The vaiues tor AA and AB~ must be determined rrom tne retiection

coetticients.

10



V. REFLECTION COEFFICIENTS FOR A SLOW BOTTOM

The reflection coefficients used in this thesis are

derived from the Rayleigh reflection coefficient

bc-sinO./sinl (21)
bc+sin8,/sin86

Where

P2 C _.•2

The angles are the grazing angle B and angle or transmission

8 . Theretore, e¢ is detined as

Using trigonometric relationsnips, eq. el can oe

rewritten.

R= bc-V l1 -c 2cos2 01 /sine,. iU)

In addition, the term under the radical can be rewritten.

/1 -CaCOS 2 81 -cseinaO1-sina2 8( I

Combining eqs. 30 and 31, and rearranging yieias

bR- Fb -7sine./sin__] - b-j.-1ix)

b+V' - [sinO, /n0i]u + -

11



Where x is

sin8•

For a slow bottom with a very small angle, eq. 3z can De

approximated by

2 b c 
1 4

R-e f 4

The argument of the exponential is

2b•c 2P 2 /PI (3!))

So that this approximation ot the Rayleigh retlection

coetticient can be written in a more concise torm

R=e ce -. b)

Since each ray intersects the bottom and surrace multiple

times, a product of retlection coetticients aiong eacn

individual path is required. This cumulative coerticient

will take the torm

2r, I

A-1, 3,...

and the product yields

M12=e 13CO e -B4 (b

For very small angles, this can be approximated by

12



The angles of incidence are needed to calculate the proauct.

The angles for the bottom images are

O00=2 (1-1) P (4U)

Using the law of sines, the angle at the receiver is defined

fi= (.Ll/.x0) sin ('2np *,8) ( 4.{.

The angle of incidence of the ray trom the center or the

doublet image to the receiver intersecting the apparent

bottom is

0=2 (.[I-i) ,

However, the upper and Lower images in each doublet nave

slightly different angles ot incidence with the apparent

bottom

0,= (2."- 1) P +6-c, t (4.5)

The upper and lower angles at the receiver ror each aounlet

are

ti =6± (r,11' ) YCO (2,.p +8) (44)

The individual angles of incidence are

0:, 0 .+8 (1,+ (z./,r) cos (2nP+8))± ()./tyco) s(2.ip) (4,)

If the following variables are used in the coeftficients as

approximations ot the sine or the angles ot incioence

13



a 8 -1.- ccs2nPr o ( 4 b )

b.-±- c oc2n P
r0

then eq. 38 becomes

R, = ne ',&e"nyba 4"/e)

For each doublet image there is an upper and lower image.

The upper doublet is detined by AD with the upper image A.

and the lower image A,. Likewise, the lower aouDietb a has

the upper image B. and tne lower imaqe B,.

A-R tTe "daa e r.b~ye B -ae..,e a e n=ya 4b)

A.=RHe -n=.aa e n a B. = nea m-r y-"b e

Aa and AA detined by eq. 15 can be combined with eq. 4b

An-Rncosh (nbnya) e y8a B•=rcosh(nbr.a) e (49

AA=R-lsiinh (flbfya) &-"a AB=Itsinh, (znV.ya)

When combined, they yield

AA- tanh (nbya) AB -=tanh (nbay.) (bU)A n. B n

The result is the full quadruplet equation

P-DpI: ÷•. ? COshb eJ4,5t-k.)

[e--J*dsin (kr.yain (2no+6) ) -jtanhb cos (krlysin (2nP4+6)I
-eJPdasin (kz1ysin (2np-8)) -jL.anhb cos (kLiy61n (2ap-&))]

14
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VI. RESULTS

Three runs at dirterent ranges were maae to compare tne

output or the quadruplet model with tnat or tne "UxiAT'

program. For each run, the source angle is 10, and the wedge

angle is 30. The ratio ot the sound speed in seawater to

that of the bottom is 1.01695, and the ratio or the density

of seawater to that of the bottom is 0.7. This is equivalent

to a slow bottom consisting or a combination ot clay and

ooze; conditions very common in continental sheir reqions.

The runs are tabulated at i.Uo increments ot receiver angie

from the surface downwards. The results are snown in taoie•

1 through 3. At a receiver angle ot zero all three runs

result in an amplitude of zero, as they should.

At the shortest range, Run 3, the results ot the

quadruplet model ditter signiticantly trom those or 'UHTEX.

'The percentage dirterence in amplitude 3s consistently adove

10%. With the exception of the 30 receiver angle, trhe

average percentage difference in amplituae tor the other two

runs is well below 10%. The tar rieLd ooublet approximation

improves at longer ranges, and the approximations tor Ar

values become more accurate. Also, the difference in phase

angle is much greater at the shortest range; half the phase

angles in Run 3 differ by greater than x/4, but in the other

two runs, only the phase angle at a 30 receiver angle ditters

by more than that amount.



Each of these data sets is accompanied by sample plots

of the quadruplet pressure amplitude and the retlection

coefficient for each quadruplet. In each case, the plots

were taken with a receiver angle of 0.900. The magnitude ot

the complex quadruplet pressure drops oft very quickly with

the quadruplet number. It is negligible by the b5t

quadruplet. This is a result of the effect of the rapia

(exponential) decay ot the Rayleigh retlection coetticient

with increased angle of incidence ot the higher numier ot

quadruplet.

In practical terms, this means that the quadruplet

expansion becomes less accurate with larger receiver and

wedge angles. As these angles increase, the ditterence in

the angles of incidence between the upper doublet souna path

and the lower doublet sound patn will increase

proportionately. When these difrerences are raised to the

exponential power in the retlection coetrtcients, tlje

differences in amplitude Detween upper ana lower aouoiets at

the receiver will be quite large. However, the fundamental

assumption in the quadruplet expansion is that the upper and

lower doublet images are equivalent in amplitude, but

opposite in phase. Therefore, the quadruplet expansion is

only valid for very small angles and long ranges.

17



TABLh I

BETA=3,GAHMA=1,R=I:,R2:100,DENSITY RATIO=.9,SPEED RATW=I.Ul.±b

DELTA URTEXT QUAD I AV6 URTEXT I QUAD IIA
IAP AMP. !AMP. - PHASk. IPHASr. !PHA.56I

i I I II
0.30 0.00010 0.000092 8.4 17.6 -23.9 .L ., t II I II
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0.0 0.00024 0.000243 .1.25 19. 2-2~.i g41.b
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TABil• 2

BETA=3,GAMMA=I,Rl=I,R2=50,DENSlTI RATI1O=.9,SPEED RA'rAv=j..UJoZ±o

_ _1- t iiii
DELTA URTEXT QUAD I A% URTEXT I VUAD Ii A" ii

.AMP. Amp. AMP. 'PHASE PHASE PHASE I

0.30 10.00018 0.000194 7.8 1.93 -22.9 24.8

0.60 o000038 0.000369 2.9 ,2.75 -22.1 2 4. 9 11

0.90 10.00052 0.000511 1 1.7 13.0 -du / U I 2 /.
I I I

1.20 10.00063 0 000I06 .3.8 3.95 -1 . e It

1.50 0.00065 0.000644 U.92 2.9/ -±5. . -
I II II

1.80 0.00069 0.00062U I1.1 4-t2 -lu' g - -
I II if

2.10 0.00059 .0000519 b.b I . I -ý.0. 4. ', , I

2.40 0.00047 0.000416 11. 2.59 11.
IIII I II ii

2.70 0.00031 0.000303 ..3 I .8 42.t l! -I.5

3.00 0.00010 0.000321 22J..0 18.J. -89.b II lU. I
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TABLE 3

BETA=3,GAMMA=1,Ri=±,R2=10,DkýNSITY RATIO=.9,SPEkEu R[AT=IU-•±. u

I IFIA0ii
DELTA IURTEXT IQUAD IA I URTEXT I QUAD ,1 ,,

IAMP. AMP. AMP. P PHASE PHASE PHASk ,,

0.30 10.0013 0.0015 15.4 -47.2 -27.5 g 19.
I - IfI

10.60 10.0024 1 0.0028 16.7 g -47.0 -25.4 B|4L.bII I I bI
0.90 10.0034 0.0039 14.7 -4b.6 -21.4 I Z ItI I IiI II II

II 1.20 0.0041 .00046 12.2 1-4D. -15.1 I 31.v

1.50 0.0044 g 0.005 13.6 i-4b.1 -5.D d i -

.1.80 b .UU44 U. I I In II

S2.10 .00040 0.005i 3- 5 -4u.2 28.3. : 6s.5 ,,

2.40 0.0031 U.0 61J. 81. I -. 4.1 !>I.b. z
I I I III I:

2.70 0.0024 0.0076 216.7 -20.1 71.b5 II . uIII I| li

3.00 10.0018 J0. 0 0 9 8  444. I 13.5 8g .68 i4 . . II
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APPENDIX A

%QUADRUPLET EXPANSION

%pquad.m

%MATLAB

%Quadruplet expansion ot the acoustic

%pressure field in a wedge shaped ocean.

%Michael Joyce

B=input('wedge angle in degrees=');

G=input('source angle from surtace in degrees=');

D=input 'receiver angle trom surtace in degrees= i;

rho=input('water to bottom density ratio=');

cc=input('water to bottom sound speed ratio=');

rl=input('range of source from apex=');

r2zinput('range of receiver from apex=');

N1=fix(90/B);

B=B*pi/180;

G=G*pi/180;

D=D*pi/180;

%CALCULATE SCALING FACTOR

27



tb~tan(b);

if cc(1,

tl~acos(cc);

t2=sin( ti);

else

t2=tan(tl);

end

kl=2*t2*tb;

k~pil kl;

%CALJCULATE CONSTANTS AND PRIMAP~i DOUBLET

r~sqrt(rl 2+r2 2-2*rl'r2*cos(D));

r3=abs( r2-rl);

r4=r1*r2/r3 2;

mu=r2/abs%~r2-rl);

q~k*rl*G*D;

28



%QUADRUPLET SUMMAT ION

for n=I:1:Nl,

s(n)=n;

thdn)=2*ri*B;

d(ri)=k*rl*D*sin( thin));

ph1(n)=jc*r1*mux(l-cosf~th(n)));

%EFLEkCTiuN COEFFICIENTS

ru(n)=sqrt(ri 2+r2 2-2Arli~r2*cos~th(n)+]J));

rl(n)=sqrt(rl 2+r2-2-2*r1*r2xcos(th~n)-Du);

ai~n)=l4r-,ýn)*cos(th(~n));

rr(n)=-BxaIX(n 2);

a(i)=n*al*D*al(n);

b(n):rx*al*G*bl(n);

29



%PRESSURE

ul(n)=cosh(b(n));

u2(n)=exp(-j'phl(n));

u3(n)=(-2/r)*R(n)*uJ.(n)*u2(n);

%UPPER IMAGE

v2(n)=k~ri*G*vl~n);

v3(n)=sin(v2(n));

V4(n)=cos(v2 en));

v7(n)=tanh(b(ri));

%LOWER IMAGE

wl(n)=sin(.th(n)-D);

w2(n)=k*ri*G*wl(n);
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w3(n)=siri(w2tn));

w4tn)=costwk~n));

w5(n):a~n)+j*mu*d~n);

w6(n.,=exp~w5(n));

w7(n)=w6(n)*(w3(n)-j*v7(n)*w4(n));

%SUMHMAT ION

p(n)=u3(n),,4v8m~)-w7(n),;

t~t+p(n);

pr(n)=real (p(n));

pz(n)=sqrt(pr(n) 2+plm~n) 2);

end

plot s , p7) ;gria;

xlabel( 'Quadruplet Number');

ylabel('Magnatude 0± Quadruplet Pressure');

title('Quadruplet Pressure');

pause;

plot(s,rm) ;grid;

titie('Rayleigh Reflection Coetticient');

xiabel ('Quadruplet Number');

yiaDeik Coetticlent');
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pause;

ps~pi*t;

phaimag(ps)/real (ps);

phlzatan(Ph);

phase=180*Phl/Pi

tzt;

p1~p1,

ps~ps:

P=sqrt~reai~.ps) 2.'1rnagkps) 2)

end;
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